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Abstract 

Based on an extension of Fenchel inequality, bipotentials are non smooth me- 
chanics tools, used to model various non associative multivalued constitutive laws 
of dissipative materials (friction contact, soils, cyclic plasticity of metals, damage). 

Let X, Y be dual locally convex spaces, with duality product (•, •) : X x F — > R. 
Given the graph M C X x Y of a, multivalued law T : X ^ 2^ , we state a simple 
necessary and sufRcient condition for the existence of a bipotential b for which Ad 
is the set of {x, y) such that h{x, y) — {x, y). 

If this condition is fulfilled, we use convex lagrangian covers in order to construct 
such a bipotential, generalizing a theorem due to Rockafellar, which states that a 
multivalued constitutive law admits a superpotential if and only if its graph is 
cyclically monotone. 



1 Introduction 

The basic tools of the mechanics of continua are the kinematical compatibility and 
equilibrium local equations but they are not sufficient to describe the deformation and 
motion of the continuous media. Additional information must be given through the 
constitutive laws traducing the material behaviour. In its simplest form, a constitutive 
law is given by a graph collecting couples of dual variables resulting from experimental 
testing. 

For many physically relevant situations, the constitutive laws are multivalued, but 
also associated. The graph of the constitutive law is included in the graph of the 
subdifferential of a convex (and lower semi continuous) superpotential (j). The con- 
stitutive law takes the form of a differential inclusion, y G d<j){x). Any superpoten- 
tial (j) has a polar function </>* satisfying a fundamental relation, Fenchel's inequality, 
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Vx, y, (j){x) + (p* {y) > {x, y). The constitutive law may be also written as x € d(j)*{y). In 
the literature, this kind of materials are often called standard materials or generalized 
standard materials [12]. 

From the viewpoint of applications it is important to know whether there exists a 
superpotential for a given non smooth graph and how to construct it. The answer to 
this question is provided by a famous theorem due to Rockafellar [20] that ensures a 
graph admits a superpotential if and only if it is maximal cyclically monotone. 

However, some of the constitutive laws are non-associated. They cannot be cast 
in the mould of the standard materials. To skirt this pitfall, a possible response, 
proposed first in [21], consists in constructing a function h of two variables, bi-convex 
and satisfying an inequality generalizing Fenchel's one, Vx,y, b{x,y) > {x,y). We 
call it a bipotential. Physically, it represents the dissipation. In the case of associated 
constitutive laws the bipotential has the expression b{x,y) = (j){x) + (j)*{y). 

As for the non associated constitutive laws which can be expressed with the help 
of bipotentials, they have the form of an implicit relation between dual variables, 
y G db(-,y){x). In Mechanics they are called implicit, or weak, normality rules. The 
applications of bipotentials to Solid Mechanics are various: Coulomb's friction law [22] , 
non-associated Driicker-Prager [23] and Cam-Clay models [21] in Soil Mechanics, cyclic 
Plasticity (|22].[3]) and Viscoplasticity [16] of metals with non linear kinematical hard- 
ening rule, Lemaitre's damage law [2], the coaxial laws (^,|30j). Such kind of materials 
are called implicit standard materials. A synthetic review of these laws expressed in 
terms of bipotentials can be found in [8j and |30j . 

The use of bipotentials in applications is particularly attractive in numerical sim- 
ulations when using the finite element method, but the interest is not limited to this 
aspects. For instance, the bound theorems of the limit analysis ([2^, [6]) and the plas- 
tic shakedown theory ([28], [8], [7], [4]) can be reformulated in a broader framework, 
precisely by means of weak normality rules. From an applied numerical viewpoint, the 
bipotential method suggests new algorithms, fast but robust, as well as variational error 
estimators assessing the accurateness of the finite element mesh ([H], [E], [25], [27] . 
[5]) [IZ]) [IS])- Applications to the contact Mechanics [9], the Dynamics of granular 
materials ([TO], [IT], [13] [29]), the cychc Plasticity of metals [25] and the Plasticity of 
soils (d], [I?]) illustrate the relevancy of this approach. 

In all the papers already mentioned about the mechanical applications, bipotentials 
for certain multivalued constitutive laws were constructed. Nevertheless, in order to 
better understand the bipotential approach, one has to solve the following problems: 

1) (existence) what are the conditions to be satisfied by a multivalued law such that 
it can be expressed with the help of a bipotential? 

2) is there a procedure to construct a class of bipotentials for a multivalued law? 
We expect that generically the law does not uniquely determine the bipotential. 

We give a first mathematical treatment of these problems and we prove results of 
existence (theorem 13. 2p and construction (theorem 16. 7p of bipotentials for a class of 
graphs of multivaluate laws. 

One of the key ideas is constructing the bipotential as an inferior envelope. That 
could be considered as paradoxal because, in general, it is strongly unprobable that an 
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inferior envelope, even of convex functions, would be convex. Nevertheless, we were 
convinced of the relevancy of this approach by examples inspired from mechanics and 
we wished to understand the reason. That led us to introduce the main tool of convex 
lagrangian covers (Definition 14. ip satisfying an implicit convexity condition. 

The recipe that we give in this paper applies only to BB-graphs (Definition 13. 1|) 
admitting at least one convex lagrangian cover by maximal cyclically monotone graphs. 
This is an interesting class of graph of multivalued laws for the following two reasons: 

(a) it contains the class of graphs of subdifferentials of convex Isc superpotentials, 

(b) any of the graphs of non associated laws from the mentioned mechanical appli- 
cations of bipotentials is a BB-graph and it admits a physically relevant convex 
lagrangian cover by cyclically monotone graphs. 

Relating to point (b), it is important to know that the results from this paper don't 
apply to some BB-graphs of mechanical interest, such as the graph of the bipotential 
associated to contact with friction [21]. This is because we use in this paper only convex 
lagrangian covers with maximal cyclically monotone graphs, see also Remark 15.11 

This paper is only a first step into the subject of constructions of bipotentials. Our 
aim is to explain a general method of construction in a reasonably simple situation, 
interesting in itself, leaving aside for the moment certain difficulties appearing in the 
general method. Another article, in preparation, is dedicated to the extension of the 
method presented here to a more general class of BB-graphs, by relaxing the notion of 
convex lagrangian cover. In this way we shall be able to construct bipotentials even for 
some of the BB-graphs described in Remark 15.11 
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The authors thanks E. Ernst for pointing out an error in a first version of the paper, 
and for some examples related to Remarks 15.11 and 15. 2[ We thank also the anonymous 
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2 Notations and Definitions 

X and Y are topological, locally convex, real vector spaces of dual variables x € X 
and y G Y, with the duality product {■,■): X x Y ^ We shall suppose that X,Y 
have topologies compatible with the duality product, that is: any continuous linear 
functional on X (resp. Y) has the form x i— > {x,y), for some y GY (resp. y i— > {x,y), 
for some x G X). 

For any convex and closed set ^ C X, its indicator function, XA, is defined by 




iix G A 
+00 otherwise 
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The indicator function is convex and lower semi continuous. If the set A contains only 
one element A = {a} then we shall use the notation Xa for the indicator function of A. 
We use the notation: M = R U {+00}. 

Given a function <j) : X ^ M., the polar </>* : y — > M is defined by: 

(l)*{y) = sup {{y, x) - 0(3;) \ x £ X} . 

The polar is always convex and lower semi continuous. 

We denote by r(X) the class of convex and lower semicontinuous functions (p : X ^ 
M. The class of convex and lower semicontinuous functions i;^ : X ^ M is denoted by 
ToiX). 

The subgradient of a function : X — > M in a point x X is the (possibly empty) 

set: 

dcl){x) = {u gY \ \/z e X {z - x,u) < (p(z) - (p{x)} . 

In a similar way is defined the subgradient of a function ^ : y ^ M in a point y (zY, 
as the set: 

dip{y) = {v £ X \ y-w £ Y {v,w — y) < ip{'w) — tp{y)} ■ 

With these notations we have the Fenchel inequality: let (p : X ^ M he a convex 
lower semicontinuous function. Then: 

(i) for any x £ X,y £Y we have + (p*{y) > {x, y); 

(ii) for any (x, y) G X x y we have the equivalences: 

yed(j){x) x£d(t)*{y) (p{x) + (p*{y) = {x,y) . 

Definition 2.1 We model the graph of a constitutive law^ by a set M C X x Y . 

Equivalently, the law is given by the multivalued application 

X 3 X m.{x) = {y G y I (x, y) G M} . 

The dual law is the multivalued application 

Y 3 y m*{y) = {x e X \ {x,y) e M} . 

The domain of the law is the set dom,{M) = {x X \ m(x) 7^ 0}. The image of the 
law is the set im{M) = {y G y | m*{y) ^ 0}. 

For example, if (/> : X ^ M is a convex lower semi continuous function, the associated 
law is the multivalued application dcj), the subdifferential of (p, [19J Def. 10.1, that is 
the set of subgradients.The dual law is d(j)* (the subdifferential of the Legendre-Fenchel 
dual of (f)) and the graph of the law is the set 

M(0) = {{x,y)eXxY I (P{x) + (P*{y) = {x,y)} . (2.0.1) 

For any convex lower semi continuous function the graph M{(f)) is maximal cyclically 
monotone ([20] Theorem 24.8. or [19] Proposition 12.2). Conversely, if M is closed and 
maximal cyclically monotone then there is a convex, lower semicontinuous such that 
M = M{(j)). 
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Definition 2.2 A bipotential is a function b : X x Y ^ M, with the properties: 
(a) b is convex and lower semicontinuos in each argument; 
(h) for any x & X,y G Y we have b{x,y) > {x,y); 
(c) for any {x,y) G X xY we have the equivalences: 

yedb{-,y)ix) ^ xedb{x,-){y) ^ b{x,y) = {x,y) . (2.0.2) 

The graph of b is 

M{b) = {{x,y)eXxY I b{x,y) = {x,y)} . (2.0.3) 



Examples. (1.) (Separable bipotential) To any convex lower semicontinuous func- 
tion (j) we can associate the separable bipotential 

b{x,y) = (l){x) + 0*(2/). 

The bipotential b and the potential (p define the same law: M(6) = M{(j)). 

(2.) (Cauchy bipotential) Let X = Y he a Hilbert space and let the duality product 
be equal to the scalar product. Then we define the Cauchy bipotential by the formula 

b{x,y) = \\x\\ \\y\\. 

Let us check the Definition (12. 2p The point (a) is obviously satisfied. The point (b) is 
true by the Cauchy-Schwarz-Bunyakovsky inequality. We have equality in the Cauchy- 
Schwarz-Bunyakovsky inequality b{x, y) = {x, y) if and only if there is A > such that 
y = Ax or one of x and y vanishes. This is exactly the statement from the point (c), 
for the function b under study. 

Remark 2.3 The Cauchy bipotential is an ingredient in the construction of many bipo- 
tentials of mechanical interest, because the (graph of the) law associated to b is the set 
of pairs of collinear and with same orientation vectors. It can not be expressed by a 
separable potential because M{b) is not a cyclically monotone graph. We shall apply 
the results of this paper to the Cauchy bipotential, in order to show that we are able to 
recover the expression of this bipotential from the graph of its associated law. 

3 Existence of a bipotential 

Given a non empty set AI C X x Y, Theorem 13.21 provides a necessary and sufficient 
condition on M for the existence of a bipotential b with M = M{b). In order to shorten 
the notation we shall give a name to this condition: 

Definition 3.1 The non empty set M C X xY is a BB-graph (bi-convex, bi-closed) 
if for all X £ dom{M) and for all y € im{M) the sets m{x) and m*{y) are convex 
and closed. 
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The existence problem is easily settled by the following result. 



Theorem 3.2 Given a non empty set M C X x Y , there is a bipotential b such that 
M = M{b) if and only if M is a BB-graph. 

Proof. Let 6 be a bipotential such that M{b) is not void. We first want to prove that 
for any x ^ X and y the sets m{x) and m*{y) are convex and closed. 

Indeed, if m{x) or m{y) are empty or they contain only one element then there is 
nothing to prove. Let us suppose, for example, that m{x) has more than one element. 
From the convexity and lower semi continuity hypothesis on b from Definition 12. 2^ it 
follows that m{x) is closed and convex. Indeed, remark that m{x) is a sub-level set for 
a convex and lower semi continuous mapping: 



thus a closed and convex set. 

Let us consider now a non empty set Ad C X x Y such that for any x £ X and 
y (z Y the sets m(x) and m*[y) are convex and closed. We define then the function 



We have to prove that 6oo is a bipotential and that M = M{bco)- This last claim is 
trivial, so let us check the points from the Definition 12. 2[ For the point (a) notice that 
for any fixed x ^ X the function boo{x,-) is the sum of a linear continuous function 
with the indicator function of m{x). By hypothesis the set m{x) is closed and convex, 
therefore its indicator function is convex and lower semicontinuous. It follows that the 
function boo{x, •) is convex and lower semi continuous. In the same way we prove that 
for any fixed y € Y the function boo{-,y) is convex and lower semi continuous. The 
points (b) and (c) are trivial by the Definition of the function boo- B 

Remark 3.3 The uniqueness of b is not true. For example, in the case of the Cauchy 
bipotential we have two different bipotentials b and boo with the same graph. Therefore 
the graph of the law alone is not sufficient to uniquely define the bipotential. 

4 Construction of a bipotential 

Theorem 13.21 does not give a satisfying bipotential for a given multivalued constitutive 
law, because the bipotential boo is definitely not interesting for applications. 

The most important conclusion of preceding section is contained in the Remark 
13. 3t in the hypothesis of Theorem 13.21 the graph of the law is not sufficient to uniquely 
construct an associated bipotential. This is in contrast with the case of a maximal 
cyclically monotone graph M, when by Rockafellar theorem ( [20j Theorem 24.8.) we 



m{x) = {y ^Y : b{x,y) — {x,y) < 0} 



boo ■■ X X Y ^ R hy: 
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have a method to reconstruct unambigously the associated separable bipotential (see 
point (a) below). 

In our opinion this is the main reason why the bipotentials are not more often used 
in applications. Without a recipe for constructing the bipotential associated with (the 
experimental data contained in) the graph of a non associated mechanical law, there is 
little chance that one may guess a correct expression for this bipotential. 

We are looking for a method of construction of a bipotential with the following 
properties: 

(a) if the graph M C X x Y is maximal cyclically monotone then the constructed 
bipotential is separable (see Example (1.)), 

(b) the method applied to the graph associated to the Cauchy bipotential allows to 
reconstruct the named bipotential (as mentioned in Remark 12.31 this bipotential 
appears in many applications), 

(c) the method should use only hypothesis related to the graph M C X x Y. 

Relating to point (c) , we noticed that in all applications we were able to reconstruct 
the bipotentials by knowing a little more than the graph M C X x Y , namely a 
decomposition: 

M = \JMx . 

AeA 

We have to mention that in all applications this decomposition stems out from physical 
considerations. 

Thus we were led to the introduction of convex lagrangian covers. 

Definition 4.1 Let M C X x Y be a non empty set. A convex lagrangian cover 

of M is a function A € A i— > 0;^ from A with values in the set T{X), with the properties: 

(a) The set A is a non empty compact topological space, 

(b) Let f: AxXxY^M be the function defined by 

f{\x,y) = (l)x{x) + (pliy). 

Then for any x ^ X and for any y Y the functions f{-,x, •) : A x y — > M and 
/(•, •, y) : A X X ^ M are lower semi continuous on the product spaces A x y and 
respectively A x X endowed with the standard topology, 

(c) We have 

M = U ^i^x) ■ 
AeA 
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5 On the existence and uniqueness of convex lagrangian 
covers 



Not any BB-graph admits a convex lagrangian cover. There are at least two sources 
of examples of such BB-graphs, described further. For more considerations along this 
line see the last section of the paper. 

Remark 5.1 Let M be a BB-graph with the property: for any (p, convex, lower semi- 
continuous function defined on X , we have M[(j)) \ M ^ 0. Then M does not admit 
any convex lagrangian cover. 

As an example take any convex, lower semicontinuous (/» : X — > M and consider 
M C M((p), BB-graph, such that M ^ M{(p). Then M has the property described 
previously, therefore it does not admit any convex lagrangian cover. 

Remark 5.2 If M is a BB-graph and A is any linear, continuous transformation of 
X xY into itself, such that A{X x {0}) C X x {0} and A{{0} x Y) C {0} x Y, then 
A{M) is also a BB-graph. However, it may happen that M admits convex lagrangian 
covers, but not A{M). 

Indeed, we consider X = y = M with natural duality and a function (/> : X ^ M 
with derivative (p' strictly increasing. Let us define M = M{(p) and A{x,y) = {x,—y). 
The set A(M) has a simple description as the graph of —(f)'. As cf)' is stricly increasing, 
for any two different xi,X2 € K and yi = —<j)'{xi) (i = 1,2), we have 

{xi-x2,yi-y2) = {xi-x2){yi-y2) <0 . 

This implies that A{M) has the property described in Remark \ 5.1[ For if there is a 
convex, lower semicontinuous ■0 : X — > M such that M{ijj) C A(M) then for any two 
different xi,X2 G M and G M, i = 1,2, such that {xi,yi) G M{ip) we would have 

{xi-x2,yi-y2) = {xi-X2){yi-y2)>0 , 
which leads to contradiction. 

The bipotential 6oo from the proof of Theorem 13.21 does not come from a convex 
lagrangian cover. There exist BB-graphs admitting only one convex lagrangian cover 
(up to reparametrization) , as well as BB-graphs which have infinitely many lagrangian 
covers. 

In conclusion, we think it is a hard and challenging mathematical problem to de- 
scribe all convex lagrangian covers of a BB-graph. 

6 Implicit convexity and the main result 

The main result of this paper is Theorem 16.71 which gives a recipe for constructing a 
bipotential not from the graph M of a multivalued law, but from a convex lagrangian 
cover. Therefore the results in this section apply only to BB-graphs admitting at least 
one convex lagrangian cover. 

In the next section we shall apply this recipe for two convex lagrangian covers of 
M(b), with b equal to the Cauchy bipotential. 
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Remark 6.1 We give here a justification for the name "convex lagrangian cover". 
Suppose that for any A G A the function (f)\ is smooth. Then it is well known that the 
graph (of the suhdifferential of 4>x) M{(p\) is a lagrangian manifold in the symplectic 
manifold X xY with the canonical symplectic form 

Lo {{x, y), [x', y')) = (x, y') - {y, x') 

Therefore the set M is covered by the family of lagrangian manifolds M{(f)x), A € A. 

With the help of a convex lagrangian cover we shall define a function b. We intend to 
prove that (under a certain condition explained further) the function 6 is a bipotential 
and that M = M{b). 

Definition 6.2 Let A ^ 0a be a convex lagrangian cover of the BB-graph M . To the 
cover we associate the function 6 : X x y ^ M U {+00} by the formula 

bix,y) = ini {Mx) + (Pliy) : X e A} = inf /(A,x,y) . 

aga 

We have to check if the function b has the properties (a), (b), (c) from the Definition 
12.21 of a bipotential. 

Proposition 6.3 Let X (j)x be a convex lagrangian cover of the BB-graph M and b 
given by Definition \6.2l Then: 

(a) for all {x,y) & M we have b(x,y) = {x,y). 

(b) for all € X X y we have b{x,y) > {x,y) . 

Proof. For all A G A and (x,y) £ X x Y we have the inequality: 

Mx)+(p*x{y) > {x,y) ■ 

As a consequence of this inequality and Definition 16.21 of the function b we obtain the 
point (b). 

For proving the point (a) it is enough to show that if (x, y) G M then b{x, y) < {x, y). 
But this is true. Indeed, if {x,y) G M then there is a A G A such that {x,y) G M{(j)\) 
and thus 

<t>\{x) + (t)\{y) = {x,y) . 
From the Definition 16.21 it follows that for any A G A we have 

b{x,y) < 4>\{x) + 4>l{y) 

therefore b{x,y) < {x,y), which finishes the proof . ■ 
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Proposition 6.4 Let X (p\ be a convex lagrangian cover of the BB-graph M and b 
given by Definition \6.^ 

(a) Suppose that x € X is given and that y has the minimum property 

b{x,y)-{x,y) < b{x,z)-{x,z) 
for any z . Thenb{x,y) = {x,y). 

(b) Ifb{x,y) = {x,y) then {x,y) G M. 

Proof, (a) We start from the Definition of b. We have 

b{x,y) = M{(l)x{x)+^l{z) : AG A} . 

We use the compactness of A (point (a) from Definition 14. ip to obtain a net (A„)n in 
which converges to A G A, such that b{x,y) is the limit of the net (^<f)x^{x) + <f)\^{y)^_^. 

From the lower semicontinuity of the cover (point (b) from Definition I4.ip we infer 
that 

b{x,y) = </>j(x) + </>i-(y) . 

Remark that the value of the limit A of the net (A„)„ depends on {x,y). 

The hypothesis from point (a) and the definition of the function b implies that for 
any z (zY and any A G A we have 

4>j{x) + 4>^{y)-{x,y) < cl>x{x) + (/^^(z) - (x, z). 
In particular, for A = A we get that for all z G 1" 

4^iy) - < {x,y-z). 
This means that x G d(pj{y), which implies that 

Hx,y) = 0a(^) + 't^(y) = i^^y)- 

For the point (b), suppose that b{x,y) = {x,y). As we remarked before, there is 
A G A such that 

b{x,y) = (t)j{x) + </>i-(y) . 
Putting all together we see that 

(t)j{x) + (j)^{y) = {x,y) , 

therefore (x, y) G M{4^) C M. ■ 

We shall give now a sufficient hypothesis for the separate convexity of b. This is 
the last ingredient that we need in order to prove that b is a bipotential. 
We shall use the following notion of implicit convexity. 
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Definition 6.5 Let A be an arbitrary non empty set and V a real vector space. The 
function f : AxV ^ M is implicitly convex if for any two elements (Ai, zi), (A2, 22) ^ 
AxV and for any two numbers a,(3 [0, 1] with a + (3 = 1 there exists A G A such that 

f{\,azi + (3x2) < af{Xi,zi) + (3f{X2,Z2) . 



Let us state the last hypothesis from our construction, as a definition. 

Definition 6.6 Let X (f)x be a convex lagrangian cover of the BB-graph M and 
/:AxXxy^M the associated function introduced in Definition \4-l\ that is the 
function defined by 

f{X,z,y) = cl^xiz) + cPliy) . 

The cover is bi-implicitly convex (or a BIC-coverj if for any y & Y and x G A" the 
functions /(■, •,?/) and f{-,x, •) are implicitly convex in the sense of Definition \6.5l 

In the case of M = M{(f)), with (f> convex and lower semi continuous (this corresponds 
to separable bipotentials), the set A has only one element A = {A} and we have only 
one potential (j). The associated bipotential from Definition 16.21 is obviously 

b{x,y) = (p{x) +<p*{y) . 

This is a BIC-cover in a trivial way: the implicit convexity conditions are equivalent 
with the convexity of (p, (p* respectively. 

Therefore, in the case of separable bipotentials the BIC-cover condition is trivially 
true. 

Our recipe concerning the construction of a bipotential is based on the following 
result. 

Theorem 6.7 Let X ^ 4>\ be a BIC-cover of the BB-graph M and b : X x Y ^ R 
defined by 

b{x,y) = mi{cl,x{x) + ^l{y) \ A G A} . (6.0.1) 
Then b is a bipotential and M = M{b). 

Proof. (Step 1.) We prove first that for any x G X and for any y G 1", the functions 
6(x, •) and b{-,y) are convex. 

For fixed y (^Y, for any xi,X2 G X and for any e > 0, there are Ai,A2 G A such 
that (« = 1,2) 

b{xi,y) e > f{Xi,Xi,y) . 

For the pairs (Ai, xi), (A2, ^2) we use the implicit convexity of /(•, •, y) to find that there 
is A G A such that 

/(A, axi + /3x2,y) < a/(Ai, xi, y) + /?/(A2, X2, y) . 
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All in all we have: 

b{axi + i3x2) < /(A, axi + i3x2,y) < 
< a/(Ai, xi, y) + /3f{X2,X2,y) < ab{xi,y) + (3b{x2,y) + e . 

As e > is an arbitrary chosen positive number, the convexity of the function y) 
is proven. The proof for the convexity of h{x, ■) is similar. 

(Step 2.) We shall prove now that for any x G X and for any y € 1", the functions 
6(-,x) and b{-,y) are lower semicontinuous. Consider a net (x„)n £ ^ which converges 
to x. We use the same reasoning as in the proof of Proposition 16.41 (a) to deduce that 
for each n G N there exists a A„ E A such that 

b{Xn,y) = 4>xAXn) + (l^xAy) = f{^n,Xn,y). 

A is compact, therefore up to the choice of a subnet, there exists a A G A such that 
(An)n converges to A. We use now the lower semicontinuity of /(•, -^y) in order to get 
that 

b{x,y) < f{X,x,y) < liminf /(A„, x„, y), 

n— >oo 

therefore the lower semicontinuity of b{x, •) is proven. For the function b{-,y) the proof 
is similar. 

(Step 3.) M = M{b). Indeed, this is true, by Propositions 16.31 (a) and 16.41 (b). 

(Step 4.) By Proposition 16.31 (b) we have that for any {x,y) £ X xY the inequality 
b{x,y) > {x,y) is true. Therefore the conditions (a), (b), from the Definition 12.21 of a 
bipotential, are verified. 

(Step 5.) The only thing left to prove is the string of equivalences from Definition 
12.21 (c). Using the knowledge that b is separately convex and lower semicontinuous, we 
remark that in fact we only have to prove two implications. 

The first is: for any x € X suppose that y (zY has the minimum property 

b{x, y) - {x, y) < b{x, z) - (x, z) 

for any z ^Y. Then b{x,y) = {x,y). 

The second implication is similar, only that we start with an arbitrary y £ Y and 
with X £ X satisfying the minimum property 

b{x,y)-{x,y) < b{z,y) - {z,y) 

for any z S X. Then 6(x, y) = (x,y). 

The first implication is just Proposition 16.41 (a). The second implication has a 
similar proof. ■ 

The next proposition makes easier to check if a convex lagrangian cover satisfies 
the BIC condition. 

Proposition 6.8 Let \ ^ be a BIC-cover of the BB-graph M . Consider any 
a,fj £ [0,1], a + 13 = 1, any y £ im{M), any Ai,A2 £ A and any xi £ d(t)\_^{y), 
X2 £ d(j)\^{y). According to the BIC condition there exists A € A such that 

/(A,q;xi +/3x2,y) < a/(Ai,xi,y) +/3/(A2,X2,y) . (6.0.2) 
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Then A has the property: 



axi + /3x2 e dcpKy) . 



Proof. Inequality (|6.0.2p expresses as: 



Maxi + (3x2) + ^Uy) < acPxAxi) + PMx2) + a(l)l,{y) + ■ (6-0-3) 



We use this in the inequahty (|6.0.3p to get 

(pxiaxi + (3x2) + (j)*x{y) < {axi + Px2,y) , 

which shows that axi + /3x2 G (y). Therefore the A G A given by the imphcit 
convexity inequahty satisfies the conclusion of the proposition. ■ 

Remark 6.9 Enforcing the satisfaction of the implicit convexity inequality for all val- 
ues of X which satisfy the conclusion of Proposition ^^ would he too strong. This remark 
is supported by the second example in section^ involving a family of non differentiahle 
potentials for which there is no uniqueness for A. 

7 Reconstruction of the Cauchy bipotential 

In this section we shall reconstruct the Cauchy bipotential from two different convex 
lagrangian covers. As explained in Remark 12.31 it is important for applications that we 
are able to reconstruct the expression of the Cauchy bipotential from the graph of its 
associated law. 

We shall take X = Y = M" and the duality product is the usual scalar product 
in M. The Cauchy bipotential is b{x,y) = ||x||||y||. By Cauchy-Schwarz-Bunyakovsky 
inequality the set M = M(6) is 



Let us consider the topological compact set A = [0, oo] (with usual topology) and 
the function X (z A (px defined as: 

- if A € [0, oo) then 4)xix) = — 

- if A = oo then 



We have also (i = 1, 2) 



(l^x.ixi) + (j^l^y) = {xi,y) 



M = {{x, y) G R" X M" : 3A > , x = Ay} U ({0} x M") x (M" x {0}) . 
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A straightforward computation shows that the associated function / has the expression: 

f + if A€ (0,oo) 

f{X,x,y) = l xo{y) ifA = (7.0.1) 

[ Xa{x) if A = oo 

It is easy to check that we have here a convex lagrangian cover of the set M. We 
shall prove now that we have a BIC-cover, according to Definition 16.61 
The cases A = and A = oo will be treated separately. 

Consider y e im{M) = R", xi,X2 G X, a,/3 G [0, 1], a + /3 = 1, and Ai, A2 G (0, 00). 
We have to find A G A such that 

f{\axi+ I3x2,y) <af{\i,xi,y) + (3f{\2,X2,y) . (7.0.2) 

We use Proposition 16.81 for i = 1,2 and Xi G 90^, in order to find the value of A. 
Computation shows that there is only one such A G A, given by 

As this value depends only on Ai, A2, we shall try to see if this A is good for any choice 

of Xl,X2- 

This is indeed the case: with A given by (|7.0.3p the relation (|7.0.2p (multiplied by 
2) becomes: 

A||axi + /?X2|P < aAill^ill^ + /3A2||x2||^ . (7.0.4) 
Remark that (j7.0.3p can be written as: 

aX ^l3\ _ ^ 
Ai A2 

Write then the fact that the square of the norm is convex, for the convex combination 

of AiXi,A22;2, with the coefficients -r—,^- We get, after easy simplifications, the 

Ai A2 

inequality (|7.0.4p . 

If Ai = 0, A2 G (0, 00) then y has to be equal to and xi is arbitrary, X2 = and 
A = 0. The inequality (|7.0.2p is then trivial. 

All other exceptional cases lead to trivial inequalities. 
Remark that for any A G A and any x, y G M" we have 

/(A,x,y) = f{j,y,x) 

with the conventions 1/0 = 00, l/oo = 0. This symmetry and previous proof imply 
that we have a BIC-cover. 

We compute now the function b from Definition 16.21 We know from Theorem [6 
that 6 is a bipotential for the set M. 

We have: 

6(x, y) = inf {/(A, x,y) : AG [0, 00]} . 
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From the relation ()7.0.ip we see that actuahy 

=inf l^llxf + : Ag(0,oo)|. 

By the arithmetic-geometric mean inequahty we obtain that b{x,y) = ||x||||y||, that is 
the Cauchy bipotential. 

Here is a second example, supporting the Remark 16.91 We shall reconstruct the 
Cauchy bipotential starting from a family of non differentiable convex potentials. 

Let A > be non negative and the closed ball of center and radius A be defined 

by 

B{X) = {yeY : \\y\\ < A} . 

Defining B{+oo) as the whole space Y, one can suppose that A belongs to the compact 
set A = [0, +oo]. 

For A € [0, +oo) we define the set: 

Ma = {(0,y) G X X y : j|y|| < A}U{(x,y) e X x Y : \\y\\ = A and 3r/ > x = rjy} . 

One can recognize Mx as the graph of the yielding law of a plastic material with a 
yielding threshold equal to A. For A = +oo we set M+oo = {0} x Y. 

It can be easily verified that the family {Mx)\i^x of maximal cyclically monotone 
graphs provides us a convex lagrangian cover of the set: 

M = {{x,y) G X X y : 3a,/3 > ax = fy} . 

The corresponding convex lagrangian cover is given by: 

- for A G [0,+oo), 4>x{x) = X\\x\\, 4>\{y) = XB{x){y), 

- (l)+oc{x) = xo{x), 4>Xoo{y) =0. 

The associated function / has the expression: 



f{\x,y) 



+XB{x){y) if ^ e (0,oo) 
Xoiy) if A = (7.0.5) 

, Xo{x) if A = +00 



All hypothesis excepting the BIC-cover condition are obviously satisfied. We check 
this condition further. Let Ai < A2, both in [0,+cxd). We want first to determine the 
values of A fulfilling the conclusion of Proposition 16.81 Let us recall that: 

- if ||y|| < A then dc^Uy) = {0}, 

- if II y II = A then x G d(j)*x{y) is equivalent to: Br/ > such that x = rjy, 

- if ||y|| > A then dcpHy) = 0. 

Then the following events have to be considered: 
(1) if ||y|| < Ai < A2 then xi G d4)\^{y) and X2 G d(l)\^{y) imply xi = X2 = 0, 
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(2) if |[y|| = Ai < A2 then xi G d(f)\^{y) and X2 S dcpx^^y) imply: 3r] > such that 
^1 = Vy ^2 = 0. Thus 

axi +13x2 = arjxi € d(t)\{y) 

occurs for any A > \\y\\ when xi = Q and A = \\y\\ otherwise. 

(3) If Ai < ||y|| then there is no xi such that xi G d4)\^{y). Likewise, if A2 < \\y\\ 
then there is no X2 such that X2 € d(t)\,^{y). 

Consider y G im{M) = M", xi,X2 e X, a,l3 £ [0, 1], a + /3 = 1, and Ai, A2 G [0, 00). 
For the verification of the imphcit convexity inequahty ()7.0.2p , we need only to consider 
the case ||y|| < min{Ai, A2} and we shall choose A = min{Ai,A2} > ||y||. The relation 
(|7.0.2p becomes 

min{Ai, A2} ||axi + (3x2\\ < aAi||xi|[ + /3A2||a:2|[ , 

which is true by the convexity of the norm. All the other cases turn out to be trivial. 

The other half of the BIC-cover condition has a similar proof (remark though that 
the associated function / is not symmetric, as in the previous case). 

By virtue of Theorem 16.71 the function given by Definition 16.21 namely 

bix,y) = ini {(Pxix) + (pliy) : AG [0,+cx)]} , 
is a bipotential. Computation shows that b is the Cauchy bipotential. Indeed: 
b{x,y) = inf {A||x|| +Xij(A)(y) : Ag[0,cx))} = 
= inf{A||x|| : A> ||y||} = ||y||||x|| . 

8 Conclusion and perspectives 

Given (the graph of) a multivalued constitutive law M, there is a bipotential b such that 
M = M{b) if and only if M is a BB-graph (Definition O and Theorem[32]). If the BB- 
graph M admits a convex lagrangian cover (Definition HTT]) which is bi-implicitly convex 
(Definition 16. 6p then we are able to construct an associated bipotential (Theorem I6.7p . 

Remarks I5.1l and l5.2l show that not any BB-graph admits a convex lagrangian cover. 
We would like to elaborate on the obstructions to the existence of such covers. We start 
with the example from the Remark 15.21 due to E. Ernst. 

Prom a mechanical point of view, multivalued laws M with the property that for 
any two different pairs (xi, yi), (x2, 2/2) G M we have 

{xi - X2,yi - 2/2) < 

are not very interesting. Indeed, suppose that the evolution of a mechanical system is 
described by a sequence of states {xn,yn) £ M. Then, as the system passes from one 
state to another, the work done is always negative. Much more interesting seem to be 
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multivalued laws with the property that for any {x,y) € M there is at least a different 
pair {x',y') S M such that 

{x - x\y - y') >0 . 

The BB-graphs admitting a convex lagrangian cover have this property. 

There is another aspect, concerning the linear transformation A from the Remark 
I5.2[ In the example given the transformation A{x, y) = (x, —y) is not symplectic, but 
still it transforms lagrangian sets into lagrangian sets. In general, if the dimension 
of X is strictly greater than one then we can find linear endomorphisms of X x y 
transforming lagrangian subsets oi X x Y into sets which are not lagrangian, thus 
destroying lagrangian covers. Moreover, we can find linear symplectic transformations 
which transforms a convex lagrangian cover into a lagrangian cover which is no longer 
convex. For example, take X = y = M, A{x, y) = {x,y — x) and the BB-graph M = 
R X {0}. Then det{A) = 1, therefore A is symplectic, and A{M) = {{x, -x) : x G M}. 
The set A{M) is a BB-graph and a lagrangian set, but it does not admit a convex 
lagrangian cover. The reason for this phenomenon is that convexity is not a symplectic 
invariant. Nevertheless, there are famous theorems in Hamiltonian Dynamics which 
have a convexity assumption in the hypothesis, like the theorem of Rabinowitz stating 
that the Reeb vector field on the boundary of a convex domain which is bounded has 
at least a closed orbit (equivalently, a convex and coercive hamiltonian on M?"' admits 
a closed orbit on every level set). We can easily destroy the convexity assumption of 
this theorem but not the conclusion, by applying a nonlinear symplectomorphism. 

For the notion of convex lagrangian cover we had the following source of inspiration. 
If M is a symplectic manifold and with convexity assumptions left aside, lagrangian 
covers as described in this paper resemble to (real) symplectic polarizations, which are 
a basic tool in some problems of symplectic geometry. 

Much more interesting are cases relating with Remark 15. 1[ We may consider BB- 
graphs M not admitting convex lagrangian covers, but with the property that there is 
a family of convex, lower semicontinuous functions X £ A such that 

M C U M{ct)x) 
xeA 

with strict inclusion. This is the case, for example, of the bipotential which appears in 
[21j . related to contact with friction. In a future paper we shall extend this method of 
convex lagrangian cover to lagrangian covers by graphs which are cyclically monotone 
but not necessarily maximal cyclically monotone. 
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